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ABSTRACT

Let (X,Y), (Xl’Yl)""’(Xn’Yn) be i.i.d. R'xR-valued random vectors
with E|Y] < =, and let Qn(x) be a kernel estimate of the regression function
Q(x) = E(Y|X = x). In this paper, we establish an exponential bound of the
mean deviation between Qn(x) and Q(x) given the training sample z" =

(Xl,Yl....,Xn,Yn), under the conditions as weak as possible.
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1. INTRODUCTION

Let (X,Y), (XI’YI)”"'(Xn’Yn) be i.i.d. R xR-valued random vectors with
ElYl < ». To estimate Q(x) = E(Y{X=x), the regression function of Y with
respect to X, Nadaraya (1964) and Watson (1964) proposed a class of kernel

estimates of the form
n

¥ Xi-x V X.-x
Qn(x) = L K( )Yi/ ) K(—l-). (1)

h
i=] h|

where K is a probability density function on Rr. and h=hn is a sequence of

positive numbers. Write

Xi-x ? X.-x.
j=1

we define wni(x) =1/n, i=1,2,...,n, when 0/0 appears. Many scholars studied
convergence problems of these estimates from various points of view. For
the universal consistency, one can refer to, for example, Devroye and Wagner
(1980I), Spiegelman and Sacks (1980). For the pointwise moment-consistency,
see Devroye (1981). For the pointwise a.s. consistency, see Devroye (1981),
Greblicki, Krzyzak and Pawlak (1984), Zhao and Fang (1985). 1In this paper,
we study another convergence of these estimates.

n . . - n
Let Z (Xl,Yl,...,Xn,Yn) be a training sample, g, = gn(x,Z ) be an
estimate of Q(x). In some problems, we are interested in the following

mean deviation of g, given the training sample A

D(g,) = E{|g,(X,Z") - QX)|{2"}
(3)
= er|gn(x.z“) - Q(x)|F(dx),

where F denotes the distribution of X. Devrove and Wagner (1980II) proved
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that

limn+“D(Qn) =0 a.s.

for the kernel estimates Qn(x) of Q(x), if the following conditions are

satisfied:
(i) Y is bounded,
(ii) F has a density f,
(4)
(iii) K is bounded and
f v(x)dx < o,
RE
where
P(x) = Sup K(u), x<R®
Hul (> =]

and ||.{| is the L, norm or L_ norm on R",

(iv) hn*O and Znexp(-anh:) < = for
any o« > 0.

In this paper, we establish an exponential bound for the above mentioned
deviation of Q . Take [1.]] as L, or L_ norm, and denote by I(A) or I, the
indicator of set A. We establish the following
Theorem. Let Qn(x) b a kernel estimate defined by (l). Suppose that the
following conditions are satisfied:

(1) Y is bounded.

(ii) F, the distribution of X, has a

density of f. (5)

(iii) There exist positive constant a
and LR such that

K(x) > aI(||x||§o°), xeR”.

(iv) h»0 and nhT+~ as n-w,
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Then for any given € > 0, we have

P(D(Q) 26} < e . (6)

where C > 0 is a constant independent of n.
Obviously, we need only to give the proof for L_ norm. We shall

indtroduce some lemmas in section 2, and give a proof of the theorem in

section 3.
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2. SOME LEMMAS

For simplicity we use the following convention: €,€.€ ..,C,C,,C

2 (VA O
...,a,Bl,sz,G, ect., are all constants independent of n. #f(A) denotes the
cardinal of set A. sx,p = {uERr: {{u-x||< o}. F* and A* denote the outer
measure generated by F and the Lebesque measure A(on RY), respectively. Fn
denotes the empirical measure of X = (Xl,...,Xn). We now give four lemmas
which are needed in the sequel.

Lemma 1(Besicovitch Covering Lemma). Let E be a bounded subset of R,
and let Kbe a family of cubes covering E which contain a cube Dx with
center x for each x¢E. Then there exist points {xk} in E such that

(i) E<uDd, ,
k

(ii) there exists a constant o depending only on d such that

\ (D, ) < o.
Le *k

For the proof, refer to Wheeden and Zygmund (1977), pp. 185-187.
Lemma 2. Let T > 0 be a given constant., Suppose that F has a density

f. Then for any given € > 0, we can choose 8, > 0 small enough and 8, > 0

1

large encugh such that the set

% r r -
2 2
E = {xeS  5.8,(20)" < F(S, o) < 8,(20) (7)

» *

for any pé€(0,1)}

% %
satisfies F (S E) «<e.

0,T ~

%
Note that for any Borel-measurable set ECE , we have

B, < f(x) < 8,, for almost all x€E(with respect to A).

Proof. Set
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E1 = (xeSO.T: Supo<p<1 ( )/F(S ) > 1/61},

~ E, = {xeSO,T: Sup0<o<lF )/A(S ) > 8,1}

b

A

‘h.-

v

N For any xéE1 there exists a cube Sx o with 0€(0,1) such that )\(Sx p)

j > F(Sx’p) > F(Sx,p)/sl' By Lemma 1 there exist x ¢€E, and sxk’pk A S, such
i )

} that A(S ) > F(S,)/8,, E; cU, S, and LkI(Sk) < 0. Thus

* V \
F(E;) < F(us) < LF(SR) < BlLA(Sk)

- { ,
= le'U Lr(sk)dx < ByoAus) < eloA(so,ZT).

%
Taking €, > 0 small enough, we have F (El) < €¢/2. In the same way, we have

K3 %

A (EZ) < F(Rd)o/B2 c/BZ. Taking 82 large enlugh, we can make X (EZ) small
%

enough and, by the absolute continuity of F with respect to A, F (EZ) < ef2.

The lemma is proved. Rt

Fix 4€(0,1/20) and assume that h = hne(O,l). Set

= {x€S

0,T: F (S ) < GF(Sx'h)}. (8)

X,h
Lemma 3. Suppose that F has a density f, h = hne(O.l) and nn' . Then

for any given € > 0 we have
PF'(G)) 2 €} < o 1"

%
Proof. By Lemma 1, there exist x éGn and Sk = Sx h such that

k K’
Gn cu Sk G, 5I(Sk) < g. Partition R" into sets with the form
" .
jgl[(ij-l)eh,ijeh), where il,...,ir = 0,*]1,*+2,... and e is. a fixed constant to

be chosen later. Call the partition ¢, and write
$” = {Bed: B c SO,ZT}’ r

G = UBCG,B€¢B’ SO.l = J‘E[ll["l-!-e,l-e).

...................................
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A
ka Sk UBe¢,BCSkB S x + (S, =S5 1)
*
sc .
k
Then
* r - = (T 1o(1-a3F
A(ka) h J\(So’l 50,1) = (2h) [1-(1~e)"]
< red(S,).
Since
- %
G - 6 ¢ U(S Uy pes B) € UC
k k
we see that
- *
A(G-G) < } I reE A(S,)
*k k k

< rer VI(S )dx < reoi(U S )

= Tejus RN = Kk

< real(S ).

0,2T

Hence we can choose e small enough to render A(G-G) small enough and

F(G-G) < €/4. By (8) and the fact that o8 < 1/2, we get

Fn(G)

N

) )
F (G) < Zan(sk) < aLkF(sk)

]

Jus,/
iF(G).

A

Therefore

F(G) - Fn(G)

v

and

X % . -
F(G ) >¢e implies F(G) - F (G) > e/4.
For any Hc ¢, we write uH = UpeHB: Then

(F(G)26} © U ey - (FCUMD-E_(UH)>e/4} .

Assume that c£¢(0,1). By Hoeffding's inequality,

.....................................

s o VI(S)dF < soF(US,) = SoF(G)

F(G) - /4 - 4F(G) = 4F(G) - /4,

........

-
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» v -
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Sup P(F(A)-F_(A)>c/4} < Sup,exp(-n(e/4)%/ [2F(A)+c/a]} 2

< exp{-nezl[l6(2+€/4]} < exp(-n€2/36). !IE

. Coh.r -r “i:f

Noticing that #{H:Hcd } < 2 and h = =o0(n), we get o
x % Coh—r St

P{F (G_)>¢} < 2 Sup,P{F(A)-F_(A)2e/4)

< exp(-Cln),
and the lemma is proved.

Lemma 4. Suppose that ( g(x)lpF(dx)<°° for some p > 0, then iii

!

‘JR '

. { . P - o

for almost all x(with respect to F). {f&l

Refer to Wheeden and Zygmund (1977), p. 191, example 20. :iif
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3. PROOF OF THE THEOREM
Assume that |Y| < M. Without loss of generality, we can assume that

o, =1 in (5)(iii). It is enough to prove that for each fixed T > 0,

P{{so T|Qn(x) - Q(x)|F(dx) > ¢} < e ™. )

%
By Lemma 2, there exist g, = Bl(s), B, = 82(5) and a compact set ECE such

that F(So T-E) < ¢/8M, wher E is defined by (7). Hence

»

js _E\Qn(x) - Q(x)|F(dx) < ZMF(SO’T-E) < gf4.
0,T
Fix §€¢(0,1/20). By Lemma 3, there exists a compact set Hn such that
H) © {xeSy Fn(sx,h) > GF(Sx,h)}, (10)
and
-Cln
- ’ 1
'- P{F(SO,T H) 2 e/l(8)} <e (11)
: Hence
T -Cln
.- P{f [Q (x) - Q(x)|F(dx) > €/4} < e .
-, S -H '"n
A 0,T 'n
Therefore, we need only to prove that
-C2n
p{jﬂnnEuon(x) - Q) [F@x) > e/2} <o 2. (12)

For xeH NE, by (5)(iii), (7) and (10), we have

n
" X.~x
L K( h ) z nQFn(Sx

j=1

) 2 nadF(S_ )

»h »h

2 naéelzrhr,

and f(x) < 8,. Write C, = 67/(a6812r). we see that

3

j(H ﬂElQn(x) - Q(x)|f(x)dx
n n
-1( Y X,-x
< C.(nht . i )
= F3ten) JH NE "[_IK( no (Y -Q(x)) 1dx.
1=

. - FERERE T IR e T e e Tl S et e s T e T Ch . . . T e
T Tae ~ T at . st 3 =~ s B "SI N PPN S ) P S N S i dan 2 nsh

Ao b S 2
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xa.
There exist finite positive constants m,a;,...,a  and disjoint regular cubes j::::::'.
% m el
A,,...,A such that K (x) = £ a,I, (x) satisfies so2
1 m . i™A,
i=1 i opid
[K(x) - K (x)|dx < €/(8C4M).
JR N
Here a vegular cube means a r-~fold product of one-dimensional compact intervals. !_:
Thus
Cr.- ‘- x o X;-X _ o
P{(nh") JH el (K( L~Q(x)) | ax
1=1 9
-1 ? X -X % X ~X u-
< 2cn™) ) fu(( ) - K (=) jax _
i=1 S
2cm 1k(x) - KFx)]a /4 ="
< x) - x)|dx < /4. e
-3
’ Take €, = s/(4C3). To prove (12), it is enough to prove that -"—-:
] e
-1 g Xi-x A S
P{(nh") JH e | K@) 8
i=1 ‘ e
-C.n
<e 2 . .'::.
It is sufficient for any €y > 0 and any regular cube A to prove that ::f::-"
n =
P{(nh®) "} IV 1 (Y- QX)) |dx > €.} (13) o
HNE ' [ “x+hA "1’ %3 i ) .
n i=1 o
-C,n .
<e 7,
and
n
r .~ '
P{(nh") JH i | ) Txena %) QUK -0 1dx2e, ) o
C.n = (14) P
< e 3 .
We proceed to prove (13). To this end, we construct the pratition ¢ ::::-’_:
r :-:_'.:
of R® mentioned in the proof of Lemma 3. Assume that A = I [xi,xi+ai] and “-'::T
- r i=1 e
I--!—..‘
min a, > 2e. Set A = igl[xi't-e,xi+ai-e). A = UB€¢,ng+hAB’ :_:::_::1
:::::-:::
Ve
-..':..4
b |
DO
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R IR

~ %
C =x+ hA - Acx + h(A-A) = C_.
pe X X

It is easy to see that we can make A(A-A) arbitrarily small by choosing e

small enough. We have
n

Nl

r. -1 \ -
(nh™) fﬂn”E | [ Ix+hA(Xi)(Yi Q(Xi)ldx

i=1

n
o, r.~1 r - .
< (nh") jﬁnﬂE l / IAx(Xi)(Yi QX)) {dx
i=1

(15)
+ 2Mh IF (C_)dx
n x n
e ( r -1 V V - i
< (nh?) JHnnELBe¢,ng+hA | Ip(X ¥ -Q(X,)) fdx
i=1
+ ZM/\(A-;).

Here we use the fact that Jv(x+hD)dx = h"A(D) for any r-dimensional probability

measure v and any Borel set DcR". We can choose e such that ZMA(A-A)<52/2.

r

Note that for Bed, A{x.Bcx+hA} < Cah , and UernnE{x+hA}CSO,2T for small h.
Hence, for large n, we have
n
19 < e iV @O e )|+ el/2
- 4" |Bed' [ TBTLTi 1 2' =
i=]

Set €, = sZI(ACA). To prove (13), we need only to prove that

-C.n

n
TR 5
P{LBE¢'| / (XY, - nig Q(x)dFlgpe3} <e , (16)
i=]
v -C.n
P{5Be¢'l z Lp(X;00(xy) - “IB QUx)dF2meq} < e > . (17)
T =l

Let N be a Poisson random variable with mean value n, which is indep-

e V
endent of (Xl,Yl),(Xz.YZ).... . In the sequel, we use X for LBet" Notice
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That B's are disjoint, we see that for tBe(-w.w),

N
E{exp§ ¢ 2 I4(X,)Y,)}

B
i=]
o0 £ - )
_ T ok T ¢
= i [E{exp(L tBIB(Xl)Yl)}]
£ =0
g t¥y
= exp{n E[IB(Xl)(e -1)13,
N
- So that, (| E IB(xi)Yi - nJB Q(x)dF|,B€d’} is a group of mutually independent
: i=1 )
variables. Set N
=\ -
Z(B,N) | Ig(X;)Y, - n|g Q(x)dF.
i=1
for t > 0, notice that et -t > e_t + t, we have

P{;‘iZ(B,N)lz ins3} < exp(-%tneS)Eexp(tZ‘fZ(B,N)f)

= exp(~ﬁtne3) -E{exp(t|Z(B,N)|)}

Tpes

IA

exp(—&tns3)n36¢-[Eexp(tZ(B,N) + Eexp(-tZ(B,N))]

ty (18)

N 1
,{exp[nEIB(Xl)(e

exp(-ﬁtns3)n -tY,~1)]

Bed
ety
+ exp[nEIB(Xl)(e +tY1-1)]}

| ey,
exp(-ﬁtne3)nae°-{Zexp[nEIB(Xl)(e -t|Y1I-lJ}

A

Coh " o iy
exp(-étne3)2 exp{nz E[IB(Xl)(e -tM-1) 1}

IA

(n) tM

iA

exp(-ﬁtne3)e° exp{n(e -tM-1)}.

Take t€(0,1/M), we see that etM-tM-l < tzMZ. Hence, we can take t > 0 such that

. N -C6n
P) 1) 1), - a5 ouodrt 3 dnegt <o O (19)
i=]

e - .- e e e - " e s
. . P I R T R T R I P I S O
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» Write A = (xl,xz,...). By Jensen's inequality, for t > 0 we have
.“ - N
i 'P{z | 5 IB(Xi)Q(xi) - nJB Q(x)dF| 3’5:153}
i=1
= P{E |E(Z(B,N){a)| > ine,}
' < P{E(y [Z(B,N){|a) > ﬁns:’}
‘ < exp(~£tns3)E{exp(tE[Z I1Z(B,N) [ |a])}
- 5
o v | ]
~ < exP("étn€3)E{E[exp(tL {Z(B,N)|)[al}
- %
) = exp(-ﬁtns3)E[exp(tL |Z(B,N)[)].
: By (18) and (19), we can take t > 0 such that
. N -C_n
P{V | \ I (X, )o(X,) - nj Q(x)dF| > ine,} < e 6 (20)
o LB B 2 2Me3 Y -
\ Note that N o \1
[NY .V  MINen]
] | i Ig(X )Y, | Ig(X )Y, | < MIN-n|, a
- i=1 i=1 s
~ . N ? ‘1
: 11 ) piee) - ) 1)1 < MiNnl, -
| i=1 i=1 E’
we have . \
o ) =
P 1] LY, - 5 1), | 2 dney) (21) s
i=1 i=1
- -C7n
jj < P{|N-n|> ns3/(2M)} <e ,
: . N n
p{i [ {IB(Xi)Q(Xi) - EIB(xi)l > dne,}
= = (22)
< e / .

...............................................
...................................




From (19) - (22), (16) and (17) follows, and (13) is proved. It remains

to prove (14). To this end, we need only to prove

n
V 'C3n
P{ Z(Xi)zpso} <e R (23)

-

i=1
where

Z(u) = h"‘f L0 - Q) (o

R
el u-x s (24)
< 2Mh fIA(T)dx = 2Mx(A) = Cg
Hence, we have
) g
y ) L
| L Z(Xi) L Z(Xi)l < CB'N nl,
i=] i=]
and N n
P{YZ(X)- Vz(*<)| > 4ne,}
L i A S 2
i=] i=]
e (25)
< P{[N-nlzpezl(zcs)} <e .
For t > 0, we have
N N
P{ z Z(Xi)>§nsz} < exp(-itnez)E{exp(t E Z(Xi)}
i=] i=] (26)
= exp{- éntsz + nJ(etZ(u)-l)F(du)}.
Take té(O,l/CB). By 0<tZ(u)<l we get
nJ(etZ(u)-l)F(du) < ZntIZ(u)F(du) (27)

Take p > 0 so large that ACSo o' Then, by Lemma 4, we have
Z(u) = h'F u_hAIm(x) - m(u)|dx

< *(50'0){3 oim(x) - m(u)ldx/A(Su’ho)

u,h
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+ 0 as h - 0, for almost all x(A). 5

In view of (24), from the dominated convergence theorem, we see that N
limh_’ojz(u)F(du) = 0. (28) N

By (26) - (28), we can take t > 0 sufficiently small such that ’ fhi
N =

P{ 5 Z(X,) > ine,} < exp(-énte2 + o(nt)) ' ﬁZ\
i=l R

-C..n

< e 10 . !g

From (25) and (29), we obtain (23), and (l4) follows. Up to now, the

theorem is proved. et
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